Abstract. We study the half-chain entanglement entropy in the ground state of the spin-1/2 XX chain across an extended random defect, where the strength of disorder decays with the distance from the interface algebraically as ∆ l ∼ l −κ . In the whole regime κ ≥ 0, the average entanglement entropy is found to increase logarithmically with the system size L as
Introduction
The entanglement in the ground state of extended quantum systems is an intensively studied problem [1, 2, 3] . Among these systems, perhaps the most clearly understood are the entanglement properties of one-dimensional lattice models. A frequently studied measure of entanglement is the entanglement entropy of a subsystem consisting of L consecutive sites, which is the von Neumann entropy of the reduced density matrix ρ L of the subsystem:
For non-critical chains, the entanglement entropy remains bounded with increasing block size L, which is a special case of "area law" [4] , but in critical points, it increases logarithmically as
For conformally invariant models, c is the central charge of the corresponding conformal algebra, and as such it is universal [5, 6, 7] , and a is the number of boundary points of the subsystem. In many spatially inhomogeneous variants of the above class of models, this logarithmic dependence still holds in the critical point for the average entanglement entropy, however, c is replaced by an "effective central charge" c eff , which is characteristic for the model and the type of inhomogeneous modulation. This is the case for the antiferromagnetic spin- 1 2 XXZ chain with random [8, 9, 10, 11] or aperiodic [12] couplings, where the ground state is a random [13] or aperiodic [14] singlet state, respectively. Besides extended inhomogeneities which are present overall in the system, even local defects are able to alter the asymptotics of the entanglement entropy, provided these defects are localised at the boundaries of the subsystem. For the XXZ chain, defect couplings at the boundaries result in an effective cut (c eff = 0) in the antiferromagnetic regime of the model, and are irrelevant (c eff = c = 1) in the ferromagnetic regime [15] . For the special case of the XX chain, such a defect is a marginal perturbation resulting in a continuous dependence of the effective central charge on the defect coupling [16] . As opposed to a homogeneous background, a local defect (weak coupling) on the top of independent, identically distributed (IID) randomness in the antiferromagnetic XXZ chain is irrelevant in the sense that c eff = ln 2 remains unaltered [17] . The effect of an extended, non-local defect [18, 19] on the entanglement entropy scaling has been studied in Ref. [20] . Here, a critical transverse-field Ising chain was considered with a perturbation in the coupling strength that decays as ∼ A/l with the distance l from the subsystem boundaries and makes the system slightly off-critical. Regarding the local magnetisation at the center of the defect, this kind of perturbation is marginal [19] and results in critical exponents varying with A for A < 0 and local ordering for A > 0 [21, 22] . The bipartite entanglement entropy is found, however, to saturate to finite values for A = 0, which means formally that c eff = 0 [20] . The entanglement entropy of the transverse-field Ising chain is closely related to that of an XX chain for general parameters [23, 24] . According to this, the above perturbation is translated in the XX chain as a dimerization of decaying strength on either sublattice depending on the sign of A.
In this work, we study the ground state entanglement across an extended random defect in the critical XX chain. This means that the couplings are quenched random variables, but are non-identically distributed, in such a way that the strength of disorder decays algebraically with the distance from the boundary points as ∆ l ∼ l −κ ‡. This kind of extended defect differs in two respects from the one studied in the transversefield Ising chain in Ref. [20] . First, the perturbation is random, second, the system is not detuned from criticality (on average) even close to the center of the defect. The limiting case κ = 0 corresponds to the random XX chain with identically distributed disorder, where the ground state is a random singlet phase [13] and the effective central charge is c eff = ln 2 [8] . In the other limiting case κ → ∞, we obtain an XX chain with local random defects at the boundaries of the subsystem. The effective central charge of the single defect problem is given in terms of an integral which cannot be evaluated for general defect couplings [16] , nevertheless, it is not greater than c = 1 for any defect coupling, and so does its average over random couplings. For intermediate values of κ, 0 < κ < ∞, this kind of defect smoothly interpolates between a disordered environment near the boundaries of the subsystem and a homogeneous bulk asymptotically far away from them, which regions are characterised by different (effective) central charges. The entanglement entropy across a similar type of extended defect has been studied recently in a composite system consisting of a random IID subsystem (κ = 0) and extended interface defects (κ > 0) on the other side of boundary points [26] . Our main interest is the scaling of the average entanglement entropy across the defect for intermediate values of the decay exponent κ. We will also investigate the end-to-end correlations in open chains, which, together with the end-to-end concurrence has been studied in non-random variants of the XX chain from the perspective of exploiting spins chains as channels for quantum teleportation [27] . We will apply a strong-disorder renormalization group (SDRG) method [28, 13, 29] to the model and study it numerically by means of free-fermion techniques [30, 31, 6, 32] .
The rest of the paper is organised as follows. In section 2, the model is defined. In section 2, the end-to-end correlations and the entanglement entropy are studied in the frame of the SDRG approach, while numerical results obtained by the free-fermion mapping are presented in section 4. Finally, the results are discussed in section 5.
The XX chain with an extended random defect
We will consider the antiferromagnetic XX chain having the Hamiltonian
‡ The surface critical behaviour of the transverse-field Ising chain with a similar type of extended surface disorder has been studied in Ref. [25] .
where S x l and S y l are spin- 1 2 operators at site l. The random couplings J l are drawn from site-dependent distributions, which are uniform for each l but their support [
is shrinking with the distance from the middle of the chain as
see Fig. 1 . This means that the central coupling J 0 is uniformly distributed in the interval [0, 1], while J L−1 is concentrated around 1/2 in the limit L → ∞ (provided that κ > 0). We are interested in the entanglement entropy of the subsystem consisting of spins with l > 0 in the ground state |ψ of the chain. This is defined through the reduced density matrix ρ L = tr l≤0 |ψ ψ| of the subsystem as given in Eq. (1) . Besides open chains, we will also consider periodic ones, which comprise two open segments with different random realisations of couplings as given in Eq. (3) and whose end spins are connected with couplings J −L and J L following the distribution specified by Eq. (4). In this case, the subsystem is of size 2L and consists of the spins with indices l > 0 of both segments. The Hamiltonian can be mapped to a system of free fermions by standard methods [30] . The first step of this is to write the Hamiltonian as a fermion chain
by the help of a Jordan-Wigner transformation
which can be subsequently diagonalised. The reduced density matrix of the subsystem can be written as the exponential of a free-fermion operator [31] and the entanglement entropy can be computed from the eigenvalues of the correlation matrix
restricted to the subsystem [6, 31] . We are also interested in the correlation of end spins
α = x, y, z, which can be expressed by the correlation matrix element
Strong-disorder renormalization group
The SDRG method is a real-space renormalization scheme which provides an approximate ground state and the low-energy properties of the random XX chain [28, 13, 29] . In this procedure, the largest coupling J m in the chain is picked, and the state of the block comprising spins m and m + 1 is projected onto a singlet, which is a good approximation if J m ≫ J m−1 , J m+1 . The neighbouring spins m − 1 and m + 2 are connected by a weak, effective antiferromagnetic couplingJ = J m−1 J m+1 /J m obtained by second-order perturbation theory. Applying this step iteratively, the largest coupling, which sets the renormalization scale Ω = max{J l }, is gradually decreased and the approximation becomes more and more accurate so that, in an infinite system, it becomes asymptotically exact in the so called infinite-randomness fixed point (IRFP) of the transformation. The resulting ground state is a product of singlet states of pairs of spins, which is called random singlet state [13] . The procedure can be graphically represented by introducing a zig-zag path
which is associated with a given finite realisation of the open chain. Here, Ω 0 = sup{J 0 } = 1. The elimination of the largest coupling corresponds to the smoothing out of the smallest valley as illustrated in Fig. 2 . This formulation of the SDRG procedure is formally identical to the renormalization of the potential landscape of the Sinai walk [33] .
This representation can be used to infer the finite-size scaling of the energy gap ǫ L =J L /2, whereJ L is the strength of the last effective coupling generated by the SDRG procedure. Due to the simple rule illustrated in Fig. 2 , the strength of an effective coupling between spin i and j is related to the shift of the path as
. . , L/2 − 1, and |X i − X j | is just the displacement of the walk after |i − j| steps. As the length of the lastly generated effective coupling in a finite system is O(L), we obtain in the case of IID couplings (κ = 0) the relation |X i − X j | ∼ √ L, and the well-known finite-size scaling of the energy gap | ln ǫ L | ∼ √ L. This result can be easily generalised for κ > 0. In that case, starting at l = 0 and following the path X l in either direction, we have a random walk where the step length is shrinking in time as
, and we obtain for the finite-size scaling of the energy gap
For the case κ = 1/2, we obtain
The gap obtained by the SDRG method in this case is larger than that of the homogeneous system, ǫ L ∼ L −1 [30] , which suggests that the randomness is irrelevant for κ = 1/2 (and in the whole range κ ≥ 1/2), meaning that the ground state of the system and local quantities far away from the center of the defect tend to those of the homogeneous system. This is in agreement with the conclusions of the analysis of the surface order parameter for a random, extended surface defect in Ref. [26] . The validity of the SDRG method is thus restricted to the regime κ < 1/2.
End-to-end correlations
Concerning the magnitude of end-to-end correlations of open chains, we must distinguish between two classes of random samples. There are rare samples in which the two end spins form a singlet with each other. In this case, the correlations |G
irrespective of the length of the chain [34] . One can easily show that this happens in precisely those samples for which the two end values of the corresponding path X −L and X L−1 are the global extremal values of the path, i.e. either X −L is the maximum and X L−1 is the minimum (for L even) or vice versa (for L odd). In other words, the path has a surviving character at both ends, i.e. it does not cross its initial level X −L and X L−1 . The survival probability P s (t) of a random walk with identically distributed jump lengths (κ = 0) is known to decrease with the number of steps as P s (t) ∼ t −1/2 [35] , therefore, for large L, the fraction of such rare samples is [P s (L)] 2 ∼ O(L −1 ). For κ > 0, the asymptotics of the survival probability can be calculated by turning to a continuous-time limit. Then we can write up a diffusion equation for the distribution p(x, t) of the walker,
with a time-dependent diffusion constant
in the time interval 1 ≤ t ≤ 2L − 1. Such a problem can be reformulated as a timeindependent diffusion equation in terms of a reduced time which reads in the range t ≤ L as
The reduced time elapsed until t = 2L − 1 is then
In the range of validity of the SDRG method, κ < 1/2, τ (t = 2L − 1) ∼ L in leading order, consequently the survival probability decays asymptotically as
, just as for κ = 0. The fraction of rare samples in the whole range κ < 1/2 is therefore O(L −1 ). The typical situation, which occurs in almost all samples in the limit L → ∞, is, however, that the two end spins do not form a singlet with each other. In this case, the magnitude of the correlations is in the order of the effective couplings of length O(L), i.e.
Since the typical correlations are very weak, the average correlations are dominated by the contribution of rare samples, which scales as their proportion:
For the special case of identically distributed couplings (κ = 0), this result has been known from the analysis of the surface order parameter [36] .
For general values of κ, the scaling of the correlation G , respectively, which can be calculated exactly [37, 36] . The order parameter S x −L+1 can be written in terms of the variable X l defined in Eq. (10) as
and we have a similar expression for S x L . In the regime κ < 1/2, the farthest position reached by the random walk in the positive direction is X max ≡ max{X 2l } ∼ L 1/2−κ in typical samples, and the corresponding term e 2X max in the sum in Eq. (18) dominates over other terms, leading finally to the scaling in Eq. (16) . In the case κ = 1/2, one can show that the maximal term e 2X max ∼ e const· √ ln L no longer dominates the sum, and the latter is in leading order proportional to L. This leads to the following scaling of typical correlations, which holds also in the regime κ > 1/2:
Entanglement entropy
In the random singlet state, the entanglement entropy of a bipartition is proportional to the number of singlets connecting the two parts of the system, each giving a contribution ln 2. In the case of an infinite system with identically distributed couplings, the average number of singlets crossing a given interface, which are generated during the SDRG procedure up to the logarithmic energy scale Γ = ln(Ω 0 /Ω) was shown to increase asymptotically as
in Ref. [8] . Considering a finite but large subsystem of size L, the formation of singlets involving the spins in the subsystem terminates at the scale Γ L ∼ √ L, which, together with Eq. (20), gives for the size-dependence of the average entanglement entropy the well-known result S L = a ln 2 6 ln L+const [8] . In Ref. [26] , it has been shown that a critical system with a spatially varying strength of the disorder renormalizes to an effective system with a homogeneous randomness beyond some finite scale Γ H . In this effective system, the couplings are identically distributed and their initial position-dependence is transformed to a position-dependence of their length. The asymptotic relation in Eq. (20) , which gives the average number of connecting singlets as a function of Γ, therefore remains valid for initially position-dependent coupling distributions, as well. Renormalizing a finite system with an extended random defect, the logarithmic energy scale goes up to Γ L ∼ L 
The effective central charge
is thus reduced compared to that of the IID random system (κ = 0), and tends to zero as κ → 1/2 from below.
Numerical results
We have calculated the end-to-end correlations and the entanglement entropy numerically by the free-fermion technique in systems of different sizes typically up to 2048 spins. The number of samples was in most cases 10 6 but at least a few times 10
End-to-end correlations
The distributions of the end-to-end correlation C L ≡ c † −L+1 c L in open chains for different sizes are shown Fig. 3 . In accordance with the prediction of the SDRG method in Eq. (16), the distributions of the scaling variable ln(C L )/L 1/2−κ exhibit a data collapse for κ < 1/2, as it is illustrated in Fig. 3 for κ = 0.3. In the regime κ ≥ 1/2, where the extended defect is irrelevant, the appropriate scaling combination, according to Eq. (19) , is C L L. The numerical results shown in Fig. 3 for κ = 1/2 and κ = 1 are in agreement with this, although there are strong corrections to scaling at κ = 1/2 in the regime of small correlations. The finite-size scaling of the average correlations shown in Fig. 4 is found to follow the law C L ∼ L −1 obtained in the previous section for any κ ≥ 0.
As we have argued in the previous section, for κ < 1/2, the extended random defect is a relevant perturbation and the critical behaviour of the system is described by an infinite-randomness fixed point. For κ ≥ 1/2, it is, however, an irrelevant perturbation and the critical scaling is the same as that of the clean system. We can see that the finite-size behaviour of the end-to-end correlations obtained numerically supports this picture.
Entanglement entropy
Next, let us turn to the behaviour of the average entanglement entropy. The results obtained for different system sizes, together with the effective, size-dependent central charges defined as
are shown in Fig. 5 for different values of κ in the range κ < 1/2. A tendency toward the asymptotic value c eff = (1 − 2κ) ln 2 predicted by the SDRG method can be seen, but, for not too small values of κ, the finite-size estimates are still far from the asymptotic value. This can be understood, since, according to the SDRG treatment, the extended defect in a system of L spins with some κ < 1/2 renormalizes to an effective IID system of O(L 1−2κ ) spins. Thus the crossover size L κ , beyond which the asymptotic finite-size dependences characteristic of the IRFP are valid to a good approximation, is
. As κ → 1/2 this scale diverges and, for κ close to 1/2, it is considerably larger than the system sizes available by our numerical method.
The size-dependence of the entanglement entropy and the calculated effective central charges in the range κ ≥ 1/2 can be seen in Fig. 7 . The borderline case κ = 1/2 is shown separately in Fig. 6 . Here, we have also plotted c eff (L) for the composite system considered in Ref. [26] , which is identical to the model studied in this work for l ≥ 0 but contains IID randomness for l < 0. In that model, the SDRG approach predicts the same effective central charge as that of the present model for κ ≤ 1/2, while, for κ ≥ 1/2, the average entanglement entropy was found to increase sub-logarithmically as S L ∼ ln ln(L/L 0 ), which is tantamount to a vanishing effective with [ln(L/L 0 )] −1 , as well, see Fig. 6 , but the extrapolation to L → ∞ gives a non-zero asymptotic value c eff (κ = 1/2) = 0.27(4). This means a logarithmic increase of the average entanglement entropy at κ = 1/2 with a double-logarithmic subleading term:
For κ ≥ 1/2, the effective central charges for a fixed L are increasing with κ, see Fig. 7 , and, for large enough κ, the data seem to saturate to κ-dependent asymptotic values. This suggests that the asymptotic c eff increases with κ in this range, and the extended defect acts like a localised defect whose defect strength decreases with increasing κ.
The distributions of the sample-dependent entanglement entropies for different sizes are shown in Fig. 8 . For κ < 1/2, peaks can be seen to emerge at even multiples of ln 2, which indicates that the critical behaviour is controlled by an IFRP and the corresponding ground state (on large scales) is a random singlet state. This is no longer the case for κ ≥ 1/2. At the borderline case a roughly flat region appears in the distributions, while, for κ > 1/2, a double-peak shape emerges.
Discussion
In this work, we have studied the half-chain entanglement entropy and the end-to-end correlations in the XX chain across random extended defects with algebraically decaying strength of disorder. The ground state of the system is found to be qualitatively different in the regimes κ < 1/2 and κ ≥ 1/2 of the decay exponent. In the former case, the extended defect is a relevant perturbation, the critical behaviour is controlled by the infinite-randomness fixed point of the SDRG procedure and the ground state is a random Figure 8 . Distributions of the sample-dependent entanglement entropies calculated numerically in the periodic system for different system sizes for κ = 0.1 (top), κ = 0.5 (middle), and κ = 1 (bottom).
singlet state. This state is, however, different from the ground state of the IID system. Here, due to the position-dependence of the strength of disorder, a local crossover length scale can be defined which increases with the distance l from the center of the defect as ξ l ∼ l 2κ . Within this local crossover length scale, the system behaves locally as a clean one, and singlet pairs emerge only beyond ξ l . The arrangement of singlets is thus inhomogeneous, as short singlets up to the length ξ l ∼ l 2κ are absent in a distance l from the center. This inhomogeneously "diluted" structure of singlets can, however, be simply transformed to a homogeneous one by changing to a reduced distancel ∼ l 1−2κ /(1−2κ). In the regime κ ≥ 1/2, the random extended defect is irrelevant far from the center and the local quantities are expected to behave there as in the clean system.
We have confirmed the correctness of this scenario in both regimes of κ by numerically calculating the end-to-end correlation in open chains. Concerning the entanglement entropy, which is a non-local quantity, the above considerations about the inhomogeneous random singlet state in the regime κ < 1/2 result in that the effective central charge is reduced by a factor 1 − 2κ compared to that of the IID model. Thus, although the defect gets less and less extended for increasing κ, the effective central charge decreases since the singlet structure becomes sparser and sparser. In the regime κ ≥ 1/2, the numerical results still indicate a logarithmic increase of the entanglement entropy in leading order but the decreasing tendency of c eff (κ) with κ is reversed. Here, the ground state far from the center tends to a homogeneous state, so the situation is similar to the case of a local defect [16] , where any defect coupling irrespective of whether it is smaller or larger than the bulk coupling leads to a reduction of the effective central charge, the extent of which increases with the deviation from the bulk value. In our model, increasing κ makes the deviations (apart from the center) smaller and smaller, leading thus to an increasing effective central charge. In conclusion, the dependence of c eff (κ) on κ is non-monotonic and, in addition to this, the numerical results point toward a discontinuity at κ = 1/2, where lim κ−1/2→0− c eff (κ) = 0 = c eff (κ = 1/2).
In the definition of the extended defect, we have used a particular form of coupling distributions. The derivation of results in the frame of the SDRG method, in particular the effective central charge in Eq. (22) , however, does not rely on specific properties of the distributions other than the exponent κ describing the asymptotic decay of the position-dependent standard deviation of couplings through σ l ∼ |l| −κ . The results in the regime κ < 1/2 are therefore universal in this sense. Keeping in mind the marginal behaviour of the entanglement entropy for a local defect [16] , this universality is, however, no longer expected to hold in the regime κ ≥ 1/2.
The results obtained here for the XX model in the regime κ < 1/2 are also valid for the antiferromagnetic XXZ chain, for which the SDRG method produces the same (inhomogeneous) random singlet state as for the XX chain [13] . In the regime κ ≥ 1/2, however, the behaviour of the entanglement entropy is expected to be different from that of the XX chain since, here, even a local defect is known to inhibit the unbounded growth of the entanglement entropy [15] .
The model studied in this work and the composite system of Ref. [26] can be regarded as particular cases of a more general class of models where the strength of disorder in the two subsystems are allowed to decay with different exponents, κ + and κ − . Some of the results obtained here and in Ref. [26] can be easily generalised to this class of models. If the extended defect is relevant in both subsystems, i.e. κ + , κ − < 1/2, the number of connecting singlets is controlled by the subsystem in which the number of active spins at a given (common) scale Γ is smaller, so the SDRG method leads ultimately to c eff (κ + , κ − ) = (1 − 2κ max ) ln 2 with κ max = max(κ + , κ − ). If the defect is irrelevant on both sides, i.e. κ + , κ − > 1/2, it acts as a local defect for the entanglement entropy, and the effective central charge is expected to be an increasing function of both κ + and κ − . Finally, if the defect is relevant in exactly one subsystem, i.e. either κ + < 1/2 and κ − > 1/2, or κ + > 1/2 and κ − < 1/2, the arguments of Ref. [26] lead to a double-logarithmic scaling of the entanglement entropy S L ∼ ln ln L.
Lastly, we mention that it would be interesting to study the behaviour of entanglement measures other than the entanglement entropy in the present model, such as the logarithmic negativity, which has recently been studied in random singlet phases [38, 39] .
